A Liouville structure is a structure isomorphic to a cotangent vector fibration. A Liouville structure is an essential ingredient of every variational formulation of a physical theory. For reasons of interpretation the Liouville structure can not be replaced by the corresponding cotangent fibration.
Introduction.
A Liouville structure is a structure isomorphic to a cotangent vector fibration. A Liouville structure is an essential ingredient of every variational formulation of a physical theory. For reasons of interpretation the Liouville structure can not be replaced by the corresponding cotangent fibration.
We give a precise definition of Liouville structures, study their properties, and give examples used in variational formulations of mechanics.
Tangent and cotangent fibrations.
Let Q be a differential manifold. In the set C ∞ (Q|R) of differentiable curves in Q we introduce an equivalence relation. Two curves γ and γ ′ are equivalent if γ ′ (0) = γ(0) and D(f • γ ′ )(0) = D(f • γ)(0) for each differentiable function f : Q → R. Equivalence classes are called tangent vectors. The set of all tangent vectors will be denoted by TQ. The equivalence class of a curve γ : R → Q will be denoted by t γ(0). We have the surjective mapping τ Q : TQ → Q : t γ(0) → γ(0)
called the tangent fibration. Let C ∞ (R|Q) denote the algebra of differentiable functions on a differential manifold Q. In the set C ∞ (R|Q) × Q we introduce an equivalence relation. Two pairs (f, q) and (f ′ , q ′ ) are equivalent if
for each differentiable curve γ : R → Q such that γ(0) = q. The set of equivalence classes denoted by T * Q is called the cotangent bundle of Q. Elements of T * Q are called cotangent vectors. The equivalence class of (f, q) denoted by df (q) is called the differential of f at q. The mapping
is called the cotangent bundle projection. Linear operations in fibres of the cotangent fibration have natural definitions + : T * Q × (πQ,πQ)
T * Q → T * Q : (df 1 (q), df 2 (q))
and · : R × T * Q → T * Q : (k, df (q)) → d(kf )(q).
The mapping , Q : T * Q × (πQ,τQ)
TQ → R : (df (a), t γ(0)) → D(f • γ)(0)
is a differentiable nondegenerate pairing linear in its covector argument. There is a unique structure of a vector fibration for τ Q such that the canonical pairing (6) 
be a vector fibration with operations + : P × (π,π)
and · : R × P → P.
Let 
and
and the zero section O τP : P → TP.
The diagram TP → TP : (t ζ 1 (0), t ζ 2 (0)) → t (ζ 1 + ζ 2 )(0)
and p : R × TP → TP : (k, t ζ(0)) → t (kζ)(0),
and the zero section O Tπ = TO π : TM → TP.
In 
by identifying the space T(P × TP . The operation p is constructed from the tangent mapping T· : T(R × P ) → TP.
The space T(R × P ) is identified with T R × TP = R 2 × TP and then the operation p is introduced as the mapping
The diagram
is a vector fibration morphism. We show that also the diagram
is a vector fibration morphism. If vectors w 1 ∈ TP and w 2 ∈ TP such that Tπ(w 2 ) = Tπ(w 1 ) are represented by curves ζ 1 : R → P and ζ 1 : R → P chosen to satisfy the condition π • ζ 2 = π • ζ 1 , then 
Similarily, if w ∈ TP is represented by a curve ζ : R → P , then
This completes the proof. The space TP with its two vector bundle structures forms a double vector fibration best represented by the diagram
We use the concept of a double vector fibration and structures related to double vector fibrations as introduced in [8] , [3] , [5] , and [2] . The space
is the core of the double vector fibration and the diagram 
is the core fibration. The core fibration is a vector fibration. The operation
is derived either from the operation (12) or from (16). If w 1 and w 2 are elements of the core such that ε(w 2 ) = ε(w 1 ), then τ P (w 2 ) = τ P (w 1 ) and Tπ(w 2 ) = Tπ(w 1 ). Both operations (12) and (16) can be applied and with the same result. The operation
comes either from (13) or from (17) since multiplying an element of C by a number in either of the two senses produces the same result. The zero section is the mapping
There is the mapping
with
The image of χ π is the subbundle
of vertical vectors. An important example of a double vector fibration is obtained by using the tangent fibration (1) as the vector fibration (7). The diagram
represents the double fibration. We follow the costruction of this double fibration described in [9] .
Each element of TTQ is represented as an equivalence class of mappings
Mappings χ and χ ′ are equivalent if
for each function f on Q. The symbol D (i,j) is used to denote partial derivatives of functions on R 2 . A representative χ of an element w ∈ TTQ is easily constructed by using local coordinates of w. The equivalence class of χ will be denoted by t (1,1) χ(0, 0). In terms of this representation the mappings τ TQ and Tτ Q , and the composition τ TQ • Tτ Q are expressed by
An involution κ Q : TTQ → TTQ :
is constructed in terms of the above convenient representation of elements of TTQ. The symbol χ denotes the mapping χ : 
is constructed from the tangent mapping
by identifying the space T(F × TE and (σ, ρ) is a curve in 
If (w, v) ∈ TF × (Tϕ,Tε)
TE and k ∈ R, then
5. Linear and vertical forms on vector bundles. Let N be a differential manifold. The tangent bundle is denoted by TN , the tangent fibration is a mapping τ N : TN → N . Let × n N TN denote the n-fold fibred product of the tangent bundle TN for n > 0. We choose to present a differential n-form as a differentiable mapping
Restricted to a fibre × n T b N an n-form is n-linear and totally antisymmetric. A 0-form is a differentiable function on N . The space of n-forms on N will be denoted by Φ n (N ). Let 
be a vector fibration. The mapping
is again a vector fibration with operations 
An n-form
on P is said to be linear if it is a function linear on fibres of the fibration × n Q,P Tπ. Linear forms on vector fibrations are examples of more general polynomial forms studied in [10] . Properties of linear forms follow from properties of polynomial forms established in [10] .
is a vector fibration morphism and µ is a linear form on P ′ , then ϕ * µ is a linear form on P . The exterior differential of a linear form on P is a linear form on P . A closed linear form is exact. It is the exterior differential of a linear form.
A 1-form µ on P is said to be vertical if µ(w) = 0 for each vector w ∈ TP such that Tπ(w) = 0. The pullback ϕ * µ of a vertical form is vertical. 6. The Liouville form for a cotangent fibration.
The Liouville form for the cotangent fibration of a manifold Q is the 1-form
From the local expression ω Q |U * = dp κ ∧ dq
we deduce that the 2-form ω Q = dϑ Q is non degenerate. It follows that the cotangent bundle T * Q with the 2-form ω Q = dϑ Q form a symplectic manifold (T * Q, ω Q ). The Liouville form is vertical since Tπ Q (w) = 0 implies
If w 
For each vector w ∈ TP and each number k we have
It follows that the Liouville form is linear.
Liouville structures.
A Liouville structure is a vector fibration isomorphism
This is a preliminary definition. Alternative definitions will be formulated. Liouville structures form a category. We will define morphisms and functors in this category after we have introduced the alternative definitions.
The following structures in the vector fibration are derived from the Liouville structure (74). 
1) A bilinear non degenerate pairing
We show that each of these structures separately defines a Liouville structure for the vector fibration (75).
Liouville structures constructed from duality.
Let the vector fibration (75) form a dual pair with the tangent fibration with a bilinear non degenerate pairing
A mapping α : P → T * Q is introduced. It is characterized by
for p ∈ P and each v ∈ TQ such that τ
is vector fibration morphism. Let q be a point in Q and let α q : P q → T * q Q be the mapping induced by the restriction of α to the fibre
. This is not possible since the pairing (80) is non degenerate. We have shown that α q is surjective. The diagram (82) is a Liouville structure. 7.2. Liouville structures derived from linear symplectic structures.
Let ω be a symplectic form on a manifold P . If P is the total space of a vector fibration (75) and the form ω is linear, then there is a unique Liouville structure (74) such that ω = α * ω Q . This Liouville structure is said to be a Liouville structure for the symplectic manifold (P, ω). Several Liouville structures for the same symplectic manifold may be considered. Let 
be a Liouville structure specified in terms of a linear symplectic form. A pairing is defined by
We show that the pairing is non degenerate. At each q ∈ Q we consider the restriction of ω to the space
This restriction will be denoted by ω q . The space T Oπ(q) P is the sum V q + H q of the subspace V q of vertical vectors and the space
Of the four components
and ω
the second appears in the definition (84) of the pairing since
Refering to the diagram (28) we observe that V q = C q = ε −1 (q). Hence, if w ∈ V q , then
for each k ∈ R. It follows that ω(kw 1 , kw 2 ) = 0. Hence, ω v,v q = 0. We observe that
It follows immediately that ω h,h q = 0 since ω is linear. The component ω v,h q must be non degenerate since ω q is non degenerate. We have shown that the pairing (84) is non degenerate. A Liouville structure
is constructed from the pairing (84). The mapping α is characterized by
for each p ∈ P and each v ∈ TQ such that τ Q (v) = π(p). It follows from results established in [10] that 
be a Liouville structure specified in terms of a linear vertical 1-form on ϑ such that the form dϑ is non degenerate. The form ϑ is called a Liouville form on P . Using the linear symplectic form ω = dϑ we construct a Liouville structure as in the preceding subsection. We know already that
We have to show that
The form ϑ − α * ϑ Q is linear, vertical, and closed. A closed linear form is the differential of a linear form. It follows that there is a linear function f : P → R such that ϑ − α * ϑ Q = df . The vertical vector χ π (O π (π(p)), p) associated with p ∈ P is represented by the curve
We have
since f is linear and df is vertical. We have obtained the equality (99). Starting with a linear, vertical form ϑ and its differential ω we have costructed the pairing (84) and the Liouville structure (94). For p ∈ P and v ∈ TQ such that τ Q (v) = π(p) we choose a vector w ∈ TP such that τ P (w) = p and Tπ(w) = v. From
it follows that the pairing (84) can be defined directly from the form ϑ. It is defined by
with a choice of the vector w described above. Although this definition is simpler than (84) the derivation of the required properties of the pairing is more difficult with this definition. For reasons of simplicity of notation it is convenient to represent a Liouvile structure by the diagram 
with the Liouville form ϑ rather than the diagram (1) with the isomorphism α. We should mention here that Liouville forms, but in a different context were studied by Libermann in [4] .
Relations.
A relation from a set A to a set B is a triple (B, A, R), where R is a subset of the product B × A. The set R is called the graph of a relation ρ = (B, A, R). We write ρ : A → B to indicate that ρ is a relation from A to B. We write b ρ a to indicate that the pair (b, a) ∈ B × A is an element of the graph R. In this case we also say that the elements a and b are in the relation ρ. The above defined concept of a relation conforms to the concept of a morphism in category theory.
The composition of a relation ρ : A → B with a relation σ : B → C is a relation σ • ρ : A → C defined by c (σ • ρ) a if there is an element b ∈ B such that c σ b and b ρ a.
The transpose of a relation ρ = (B, A, R) is the relation ρ t = (A, B, R t ) with the graph
A relation α : A → B is called a mapping if for each element a ∈ A there is a unique element b ∈ B such that b α a. This unique element b is denoted by α(a)
The transpose of a mapping is not usually a mapping. The transpose of a bijective mapping α is its inverse α −1 . A relation ρ = (N, M, R) from a differential manifold M to a differential manifold N is said to be differentiable if the graph R is a submanifold of N × M . The transpose of a differentiable relation is differentiable. The composition of differentiable relations is not necessarily differentiable. Differential manifolds and differentiable relations do not form a category.
Let C be a submanifold of a differential manifold M and let κ : C → N be a differential fibration. Let ι C : C → M be the canonical injection. The composition ρ = κ • ι C t is a differentiable relation from M to N . The graph of ρ is the submanifold
The relation ρ is called a differentiable reduction.
is a differential fibration. The composition σ • ρ is the differentiable reduction µ • ι E −1 . Differential manifolds and differentiable reductions form a category. The category of differentiable mappings is a subcategory of the category of differentiable reductions.
A differential fibration morphism is a commutative diagram
where 
are differential fibrations and ρ and σ are differentiable relations. A vector fibration morphism is a differential fibration morphism (110). The fibrations (111) are vector fibrations and for each (q ′ , q) ∈ gr(σ) the set gr(ρ) ∩ (P ′ q ′ × P q ) is a vector subspace of P ′ q ′ × P q . Let (P, ω) be a symplectic manifold and let β : TP → T * P be the natural isomorphism characterized by
for each v ∈ TP and each w ∈ TP such that τ P (w) = τ P (v). Let V ⊂ T p P be a vector subspace. The polar V • is the subspace q ∈ T * p P ; ∀ v∈V v, q = 0 .
We denote by V ¶ the symplectic polar
If C ⊂ P is a submanifold, then T ¶ C will denote the set
We recall that a submanifold C ⊂ P is said to be isotropic if
The characteristic distribution is Frobenius integrable. Its integral foliation is called the characteristic foliation of C. The maximum dimension of an isotropic submanifold is a half of the dimension of P . A Lagrangian submanifold of a symplectic manifold (P, ω) is an isotropic submanifold C ⊂ P of maximum dimension. The equality T ¶ C = TC is an equivalent characterization of a Lagrangian submanifold.
A symplectic relation from a symplectic manifold (P, ω) to a symplectic manifold (P ′ , ω ′ ) is a differentiable relation ρ from P to P ′ with the additional property that the graph of ρ is a Lagrangian submanifold of the symplectic manifold (P ′ × P, ω ′ ⊖ ω), where the form ω ′ ⊖ ω is defined by
where pr : P ′ × P → P and pr ′ : P ′ × P → P ′ are the canonical projections. The transpose of a symplectic relation is a symplectic relation. The composition of symplectic relations is not necessarily differentiable and if it is diferentiable is not necessarily symplectic.
Let (P, ω) and (P ′ , ω ′ )(P, ω) be symplectic manifolds and let ρ = κ • ι C −1 be a differentiable reduction constructed from a submanifold C ⊂ P and a differential fibration κ : C → P ′ . If C is a coisotropic submanifold of (P, ω), fibres of κ are characteristics of C, and κ * ω ′ = ι C * ω then ρ is a symplectic relation. This relation is called a symplectic reduction. The composition of symplectic reductions is a symplectic reduction. The only symplectic relations which are actually mappings are diffeomorphisms known as symplectomorphisms. Symplectic manifolds and symplectic reductions form a category. Attempts have been made to extend this category to a wider class of symplectic relations (unpublished results of S. Zakrzewski). One should probably use symplectic relations without insisting that they form a category. 9. Liouville structure morphisms. Proposition 1. Let π : P → Q be a vector fibration. If K is a closed submanifold of P such that for each q ∈ C = π(K) the intersection K q = K ∩ P q of K with P q = π −1 (q) is a vector subspace of P q , then C is a submanifold of Q and the dimension of K q is locally constant and the mapping
is a vector fibration.
It has a representation v = χ π (p, δp) in terms of the vector p and a unique vector δp ∈ P q . The curve
can be used as an integral curve of v. Being in T p K the vector v is the tangent vector t η(0) of a curve
with η(0) = p. Both integral curves will be used. For each k = 0 we consider the vector k p v. The
is again an integral curve of k p v. It follows that k p v is in TP q . Hence k p v is in ker(Tπ|T k·p K). The
is an integral curve of this vector. In the limit of k → 0 we have
The vector v 0 is tangent to K. It has an integral curve
for each k > 0 we introduce the modified curve
For a function f : P → R constant on fibres of π we have
since ξ represents a vertical vector, and
hence,
For a function g : P → R linear on fibres of π we have
We have shown that for each k the curve ξ k is an integral curve of v 0 . From
and lim
it follows that the family of curves ξ k converges almost uniformly to an integral curve ξ 0 :
for each function f constant on fibres of π indicates that the image of ξ 0 is in K q . It follows that
It follows from (134) that
The set C = π(K) ⊂ Q is not assumed to be a submanifold. At each q ∈ C we have the cone T q C of vectors in T q Q which have integral curves in C. We observe that
and, in particular,
Let u be a vector in T q C. We have TO π (u) ∈ T Oπ(q) K and u = Tπ(TO π (u)). It follows that
Hence,
is a vector space and dim
The equality (135) implies the equality
From the inclusion (136), the equality (135), and
we conclude that im(
Let the vector space F be a typical fibre of the fibration π and let
ba a local trivialization of π defined in an open neighbourhood U of q. Inclusions
and the equality
The inequality dim(
follows. The inequality
The equality dim
is derived from (153), (150), and (151). The function
is semi-continuous from above due to (156). It is also semi-continuous from below due to (140). It is continuous on the connected set C and, therefore, constant. A consequence of this result together with (142) is that the Constant Rank Theorem applies to the mapping π|K. It follows that C ⊂ Q is a submanifold. The dimension of K q is the same at each q ∈ C due to (155). We construct a local trivialization of the projection π starting with a trivialization (145) in a neighbourhood U of a point q ∈ C. The typical fibre will be the vector space F = κ(K q ). We choose a linear epimorphism χ : F → F and introduce the trivialization κ :
The neighbourhood U is assumed small enough so that the mapping
is a diffeomorphism. This proposition is very close to recent results of Grabowski and Rotkiewicz in [2] , concerning vector bundle structures on a manifold. Let C be a submanifold of a manifold Q. The tangent set TC is a subbundle of the restriction T C Q of the tangent bundle TQ to C. The anihilator or the polar of T C Q is the subbundle
If K is a submanifold of the cotangent bundle T * Q with the properties 1) the dimension of K is equal to the dimension of Q,
is a vector subspace of the fibre, 3) the Liouville form ϑ Q vanishes on TK, then C ⊂ Q is a submanifold and K = T • C. Proof: It follows from Proposition 1 that C ⊂ Q is a submanifold. We will use certain results established in the proof of Proposition 1. The equality (155) implies that
at each q ∈ C. Let p be an element of K and let u be a vector tangent to C at q = π Q (p). It follows from (143) that there exists a vector v ∈ T p K such that Tπ Q (v) = u. The inclusion
The two results (160) and (161) imply that K = T • C.
Definition 1.
A cotangent fibration morphism from the cotangent fibration of a manifold Q to the cotangent fibration of a manifold Q ′ is a diagram
where
is a vector fibration morphism, the dimension of gr(ϕ) is equal to the dimension of Q ′ × Q, and
The form
with canonical projections
Definition 2. A Liouville structure morphism is a diagram
are Liouville structures,
is a vector fibration morphism, and one of the following conditions is satisfied.
1) If the Liouville structures (1) are characterized by isomorphisms
is a cotangent fibration morphism. 2) If the Liouville structures (169) are characterized by pairings
then the dimension of gr(ρ) is equal to the dimension of Q ′ × Q and
for each pair (p ′ , p) ∈ gr(ρ) and each pair (v
3) If the Liouville structures (169) are characterized by symplectic forms ω and ω ′ , then the relation ρ is a symplectic relation from (P, ω) to (P ′ , ω ′ ). 4) If the Liouville structures (169) are characterized by Liouville forms ϑ and ϑ ′ , then the dimension of gr(ρ) is equal to the dimension of Q ′ × Q. and
The form ϑ ′ ⊖ ϑ on P ′ × P is defined by
We show the equivalence of the listed conditions. A) Equivalence of 1) and 4). The Liouville forms ϑ and ϑ ′ and the isomorphisms (171) and (172) characterizing the Liouville structures involved are in the relations
It follows that
B) Equivalence of 2) and 4). Relations between the Liouville forms ϑ and ϑ ′ and the corresponding pairings (1) and (1) imply the equality
with w ∈ TP and w ′ ∈ TP ′ . It follows from Proposition 1 that
for each pair (p ′ , p) ∈ gr(ρ). It follows that
for each pair (w ′ , w) ∈ Tgr(ρ) if and only if
C) Equivalence of 3) and 4). The symplectic forms ω and ω ′ of the condition 3) and the Liouville forms ϑ and ϑ ′ of condition 4) are related by
It follows from Proposition 1 that the vector fibration
induces a vector fibration
is linear since ϑ and ϑ ′ are linear. It follows that
if and only if there is a linear function f on gr(ρ) such that
The form ϑ ′ ⊖ ϑ is vertical since ϑ and ϑ ′ are vertical. If the function f exists, then its differential df = (ϑ ′ ⊖ ϑ)|gr(ρ) is vertical. It follows that f = 0. We have established the equivalence of the equalities
The second of these equalities together with the condition that the dimension of gr(ρ) is equal to the dimension of Q ′ × Q imply that the relation ρ is a symplectic relation from (P, ω) to (P ′ , ω ′ ).
Functors in the category of Liouville structures.
Liouville structures and Liouville structure morphisms do not form a category in the usual sense since the composition of morphisms is not necesarilly a morphism. We are using the term 'category' in a loose sence. A true category of Liouville structures with families of functions acting as morphisms will be presented in a separate publication. We list examples of functors. 10.1. Multiplication by a number. 
and the morphism
with a morphism
The case k = −1 is the only important case of this functor. The case k = 1 corresponds to the identity functor.
The direct sum.
The direct sum of two Liouville structures
is the Liouville structure
10.3. The direct difference.
The direct difference
is obtained as the direct sum of Liouville structures
Derivations i T and d T .
Let T : TM → TM be the identity mapping interpreted as a deformation of the tangent projection τ M : TM → M . We associate with T linear operators i T : Φ(M ) → Φ(TM ) and d T : Φ(M ) → Φ(TM ) from the exterior algebra Φ(M ) of differential forms on the manifold M to the exterior algebra Φ(TM ) of differential forms on TM . The constructions of the operators follow the extension of the Frölicher-Nijenhuis theory [1] presented in [7] . The operator i T is a derivation of degree -1 relative to the homomorphism τ M * : Φ(M ) → Φ(TM ) in the sense that if µ 1 and µ 2 are differential forms on M of degrees r 1 and r 2 respectively, then i T µ 1 and i T µ 2 are differential forms on TM of degrees r 1 − 1 and r 2 − 1, and the relation
holds. The derivation i T is of type i * since i T f = 0 for each function f on M . The formula
gives an explicit construction of the derivation i T . The form µ is of degree r + 1 and w 1 , . . . , w r are elements of TTM such that τ TM (w 1 ) = . . . = τ TM (w r ). The operator d T is a derivation of degree 0 and type d * . It is defined by
and is in the relation
with the exterior differentials in Φ(M ) and Φ(TM ).
The following property of the derivation d T was established in [6] . Given elements w 1 , w 2 , . . . , w r of TTM such that
it is possible to construct mappings
such that
For an r-form µ : × r M TM → R we have
with (δξ 1 , δξ 2 , . . . , δξ r ) : R → × r M TM : t → (δξ 1 (t), δξ 2 (t), . . . , δξ r (t)).
10.5. The tangent functor.
The tangent functor T associates the structure
with a Liouville structure
with a Liouville structure morphism
There is an alternative construction of the Liouville structure (214). The fibrations 
are a canonical dual pair with the canonical pairing
is a vector fibration isomorphism dual to the vector fibration isomorphism
extracted from the double vector fibration isomorphism (47). The duality is expressed by
The equality α
shows that the diagrams (214) and (222) represent the same Liouville structure. The following objects will be used in the proof of this equality. With an element δṗ of TTP we associate a curve
such that δṗ = κ P (tδη(0)).
We introduce curves
defined by
The equality (225) follows from
where we have used the definition (224) of α T , the formula (212) applied to d T ϑ, the relation (102), and definitionsṗ = τ TP (δṗ) =η(0)
Two more definitions of the tangent Liouville structure are possible. The pairing
or the linear symplectic form dd T ϑ on the vector fibration TP Tπ TQ
can be used. The tangent structure (214) is a Liouville structure for the symplectic structure (TP, d T dϑ). 10.6. The Hamilton functor.
The Hamilton functor H is a covariant functor from the category of symplectic manifolds to the category of Liouville structures. It associates the Liouville structure (TP, i T ω)
with a symplectic manifold (P, ω), and the morphism
with a symplectomorphism ϕ : (P, ω)
withṗ = τ TP (δṗ) and δp = Tτ P (δṗ) defines the Liouville form i T ω.
with the mapping β (P.ω) characterized by
defines a Liouville structure equivalent to (236). The equality
establishes the equivalence. This equality is proved by
We are using the conventions introduced in the preceding section. The pairing
provides an alternative definition of the Hamilton Liouville structure. If the Hamilton functor is applied to the symplectic (P, dϑ) associated with the Liouville structure (215), then a second Liouville structure for the symplectic structure (TP, d T dϑ) is obtained. 
with a differential manifold Q and the morphism
with a diffeomorphism or a reduction ψ : Q → Q ′ . The phase functor is a covariant version of the cotangent functor. It associates the cotangent Liouville structure (245) with a differential manifold Q and the morphism
with a diffeomorphism or a reduction ψ : Q → Q ′ .
Generating functions.
A Liouville structure offers the possibility of generating from generating objects subsets of a symplectic manifold (P, ω) for which the Liouville structure is established. Such subsets are usually Lagrangian submanifolds. Let
be a Liouville structure for the symplectic manifold (P, ω). The simplest example of a generating object is a generating function
The set
is a Lagrangian submanifold of (P, ω) generated by the function U . If the Liouville structure is characterized by the pairing
is the set generated by the function U . A more general example of a generating object is a constrained generating function
defined on a submanifold of C ⊂ Q. The set
is the Lagrangian submanifold of (P, ω) generated by the constrained function U . This submanifold is an affine bundle over C, modelled on the vector bundle T • C. If S is a Lagrangian submanifold of (P, ω), then ω|S = 0. Hence, the form ϑ|S is closed. Assuming that this form is exact we choose a function U : S → R such that ϑ|S = d U . This function is called a proper function of S. Since the form ϑ is vertical, d U , δq = 0 for each δq ∈ TS ∩ VP . This implies that U is constant on connected submanifolds in S ∩ P q . If C = π(S) is a submanifold of Q and the fibration π restricted to S induces an affine fibration η : S → C, then U is constant on fibres of η and S is generated by a constrained function U : C → R such that U • η = U .
12. Examples. Example 1. Let Q be the configuration space of a static mechanical system and let U : Q → R be the internal energy of the system. The function U generates the constitutive set S = im(dU ) = f ∈ T * Q ; ∀ δq∈TQ if τ Q (δq) = π Q (f ), then f, δq Q = dU, δq Q . 
is the dynamics in the interval [t 0 , t 1 ] without external forces. The Liouville structure
is used. Example 4. Let (P, ω) be the symplectic phase space of an autonomous mechanical system and let
be the Hamiltonian. The set D = ṗ ∈ TP ; ∀ δp∈TP if τ P (δp) = τ P (ṗ), then ω(ṗ, δp) = −dH(δp)
is the Hamiltonian dynamics of the system. The Liouville structure used is the Hamilton Liouville structure represented by the pairing (243) and −H is the generating function. The dynamics D is a differential equation for phase space trajectories of the system. It is the image of the Hamiltonian vector field X : P → TP defined by i X ω = −dH.
Example 5. Let (P 1 , ϑ 1 )
be Liouville structures and let , 1 :
be the pairings belonging to these structures. A differentiable function
generates the graph G = (p 2 , p 1 ) ∈ P 2 × P 1 ; ∀ (δq2,δq1)∈TQ2×TQ1 if τ Q1 (δq 1 ) = π 1 (p 2 ) and τ Q2 (δq 2 ) = π 2 (p 2 ), then p 2 , δq 2 2 − p 1 , δq 1 1 = dF (δq 2 , δq 1 )
of a symplectic relation γ : (P 1 , ω 1 ) → (P 2 , ω 2 ).
We are using the pairing , : ((P 2 × P 1 ) × (TQ 2 × TQ 1 )) → R : ((p 2 , p 1 ), (δq 2 , δq 1 )) → p 2 , δq 2 2 − p 1 , δq 1 1
belonging to the Liouville structure (P 2 × P 1 , ϑ 2 ⊖ ϑ 1 ) 
is a differentiable function defined on the submanifold P × (π,τQ)
TQ ⊂ P × TQ and the diagonal ∆ of TP × TP is the graph of the identity symplectomorphism in (TP, d T ω). We will show that the diagonal ∆ is generated by the function − , . Evaluation of the form i T dϑ ⊖ d T ϑ on an element (ṗ,ṗ) ∈ ∆ produces the result
It follows that the form i T dϑ ⊖ d T ϑ restricted to ∆ is the differential of the function
The function F is the proper function of ∆. The mapping τ P × Tπ : TP × TP → P × TQ projects the diagonal ∆ onto the submanifold P × 
is the induced mapping. The pull back , • η of the pairing to ∆ is the function , • η : ∆ → R : (ṗ,ṗ) → τ P (ṗ), Tπ(ṗ) .
Hence, − , • η = F . We will show that the mapping η is an affine fibration. We will adopt the obvious identification of ∆ with TP . The mapping η is identified with η : TP → P × (π,τQ) TQ :ṗ → (τ P (ṗ), Tπ(ṗ)).
Letṗ andṗ ′ be elements of TP such that η(ṗ ′ ) = η(ṗ) = (p,q). The equality τ P (ṗ ′ ) = τ P (ṗ) = p implies that τ P (ṗ ′ −ṗ) = p and from Tπ(ṗ ′ ) = Tπ(ṗ) =q it follows that Tπ(ṗ ′ −ṗ) = O τQ (τ Q (q)). Consequently,ṗ ′ −ṗ ∈ V p P . We see that the mapping η, hence η, is an affine fibration with the vector fibration VP × (π•υP ,τQ)
as its model. The mapping υ P : VP → P is the restriction of τ P to VP . Fromṗ ∈ T p P and p ′ V p P we construct the vector (p ′ , Tπ(ṗ)) ∈ VP × (π•υP ,τQ)
TQ. The sumṗ + (p ′ , Tπ(ṗ)) is defined asṗ + p ′ .
We have completed the proof that the diagonal ∆ is generated by the function − , .
